Supersolids are among the most desirable unconventional many-body quantum states, which are linked to the fundamental issue of the coexistence of crystalline long-range order and off-diagonal long-range order (superfluidity). The recent experimental breakthrough in implementation of tuning the dipole-dipole interaction with a rotating magnetic field in quantum gases [Phys. Rev. Lett. 120, 230401 (2018)] opens up a new thrust towards discovering new types of supersolids, which have no prior analogs in previous studies. Here we report that various fantastic topological supersolids emerge in a single-component dipolar Fermi gas trapped in an anisotropic 3D optical lattice with an effective dipolar interaction engineered by a rotating external field. Through simply adjusting the average filling of our proposed lattice system, these supersolids demonstrate novel features with highly tunable chern numbers. The system undergoes phase transitions between a p-wave superfluid and different topological supersolids when increasing the dipolar interaction, whose experimental signatures include the highly number-adjustable chiral edge modes as well as Majorana Fermions.
Whether superfluidity and broken translational symmetry can coexist, leading to supersolidity, is a long standing issue in condensed matter physics [1] . It has attracted tremendous interests in both theoretical and experimental studies during the past 50 years [2] [3] [4] [5] [6] . Supersolid is an exotic quantum phase characterized by two independent spontaneously broken symmetries, i.e., U (1) and translation with corresponding superfluidity and density order [7, 8] . It leads to a variety of fascinating phenomena such as the unusual reduction of the moment of inertia (Non-classical Rotational Inertia) [1, 9] and other novel transport features [10, 11] . The fate of this conceptually important phase in solid helium remains, however, debatable and to prove its existence is still an open question in recent experiments [12] [13] [14] [15] . Besides the continuously growing efforts in solids, there have been great interests in searching such a long-sought exotic state of matter via ultracold gases in both experimental and theoretical studies, motivated by the recent experimental advances to create tunable interacting ultracold atoms [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . Supersolids were previously predicted to appear in polar molecules, magnetic and Rydberg atoms [31] [32] [33] [34] [35] [36] . Along this line, there have been several exciting experimental breakthroughs, such as the recent observation of supersolid orders in spin-orbit-coupled or cavity photon assisted Bose-Einstein condensates [37, 38] . In particular, the tunable spin-orbit coupling or non-Abelian gauge fields in general involved in supersolid phenomena would open up a new thrust on exploring the interplay between topology and supersolidity. However, henceforth proposed cold-atom realizations of topological supersolids have required more sophisticated experimental designs, such as the spin-dependent optical lattices in spin-orbit coupled gases or a special tunnelling scheme in a dipolar fermi gas [39, 40] , which have not yet been realized in experiments and remain a subject of a substantial experimental effort [22, 41] .
Here we report the emergence of fantastic topological supersolidity with highly tunable chern numbers in a singlecomponent dipolar Fermi gas trapped in an anisotropic 3D optical lattice with an effective dipolar interaction engineered by a rotating external field. The key idea here is to engineer a direction-dependent dipole-dipole interaction combined with the density redistribution effect caused by the external potential, i.e., optical lattices. We shall illustrate this idea with a magnetic dipolar Fermi gas composed of one hyperfine sate in an anisotropic 3D optical lattice. The direction of dipole moments can be fixed by applying an external magnetic field. Let the external field be orientated at a small angle with respect to the xy-plane and rotate fast around the z-axis. The timeaveraged interaction between dipoles is isotropically attractive in the xy-plane and repulsive along the z-direction. Such a scheme has been realized in the experimental system of Dy recently [42] . In general, the attraction is expected to cause Cooper pairing instability in the xy-plane, while the repulsion should restrict the pairing along the z-direction and leads to form certain density wave (CDW) pattern on the top of lattice background. Their combined effect could give rise to supersolidity with fascinating topological properties. Such a heuristically argued result is indeed confirmed by a self-consistent calculation through the model to be introduced below. This idea is motivated by the recent rapid experimental progress in both magnetic dipolar atoms (such as 161 Dy [43, 44] and 167 Er [45, 46] atoms) and polar molecules [47, 48] . Tremendous interests have been attracted on exploring dipolar effects in many-body quantum phases [41] . In particular, various exotic quantum matter arising from the anisotropic effect of dipolar interaction has been predicted, such as a p-wave superfluid with the dominant p z symmetry, Weyl superfluidity [49] , p + ip superfluids [50] [51] [52] in a single 2D plane and the interlayer superfluidity or supersolids [53] [54] [55] [56] . In the following, we shall show that our proposed system can lead to unexpected topological supersolids.
Effective model -Consider a spinless dipolar Fermi gas subjected to an external rotating magnetic field [42] B(t) = B[ẑ cos ϕ + sin ϕ(x cos Ωt +ŷ sin Ωt)],where Ω is the rotation frequency, B is the magnitude of magnetic field, the rotation axis is z, and ϕ is the angle between the magnetic field and z-axis. In strong magnetic fields, dipoles are aligned parallel to B(t). With fast rotations, the effective interaction between dipoles is the time-averaged interaction V (r) = h.c.) − E I , where ξ k = ε k + Σ k − µ with the band energy ε k = −2t(cos k x a + cos k y a) − 2t z cos k z a z and µ is the chemical potential. Σ k is the Hartree-Fock self-energy given by
.62Jt when considering a z /a = 3.5, where J ≡ |d 2 /(ta 3 )| capturing the strength of dipolar interaction, and
The mean-field Hamiltonian in the momentum space can be diagonalized by means of the Bogoliubov transformation and the corresponding eigenenergies are labeled as E n . Straightforward calculations lead to the following form of the mean-field thermodynamic potential
The order parameters defined above can be obtained by minimizing the mean-field thermodynamic potential via ∆(k), δ Qm , Σ k , and Q combined with the conservation of the total atom number through the relation −
= n 0 . Topological supersolids with tunable chern numbersThrough the method mentioned above, we can determine the phase diagram of our proposed system. Surprisingly, we find that by simply adjusting the average filling of the lattice system here, various topological supersolids with tunable chern numbers can be achieved under different dipolar interaction strength J. For example, as shown in Fig. 1 , when the average filling n 0 = 0.6, through minimizing the mean-field thermodynamic potential, we find that Q is located at Q = (0, 0, π/a z ) (see details in Supplementary Materials). And the corresponding mean filed Hamiltonian up to an innocuous additive constant can be expressed as
where
σ z is the Pauli matrix, and
. Through numerics, we also find that superfluid order parameter ∆(k) behaves like a in-plane p + ip superfluid, i.e., ∆(k) = ∆(k z )(sin(k x a) + i sin(k y a)), where ∆(k z ) records very slight variation for different k z when considering the case as shown in Fig. 1(a) (see details in Supplementary Materials). Therefore, we can rewrite superfluid gap as ∆(sin(k x a) + i sin(k y a)). Since it is shown that δ Q = δ −Q here, we thus define δ ≡ δ Q to describe CDW order along z-direction. Through analyzing the behavior of these order parameters, we can map out the phase diagram as shown in Fig. 1(a) . There are five different phases in the phase diagram, which consists of a p-wave superfluid and four different supersolids. A threshold strength of dipolar interaction separates the p-wave superfluid and supersolids. Below that threshold, the ground state is a p-wave superfluid, characterized by ∆ = 0 and δ = 0. When increasing the strength of dipolar interaction, different supersolids characterized with ∆ = 0 and δ = 0, indicating the coexistence of superfluid and CDW orders, will be favored. As shown in Fig. 1(a) , for coupling strength J > J 2 ≈ 1.14, one type of supersolid (SS-A) will be the ground state of the system. While when interacting 
, a new type supersolid with higher chern number C = 2 can be achieved. These supersolids show the highly tunable chern numbers and would lead to some unique features which will be discussed in the following. Although as shown in Fig. 1(a) , we only show the phase diagram with a certain average filling n 0 = 0.6, it should be emphasized that there is a region of the average filling, i.e., 0.5 ≤ n 0 < n A ≈ 0.67, where Q is also located at Q = (0, 0, π/a z ) determined by the minimization of the mean-field thermodynamic potential and the similar phase diagram as shown in Fig. 1(a) will be obtained in such a region.
Furthermore when further increasing the average filling of the proposed system, more fascinating supersolids can be realized. As shown in Fig. 1(b) , when the average filling n 0 = 0.73, it is shown that Q is located at Q = (0, 0, 2π/3a z ) determined via minimizing the mean-field thermodynamic potential. Through numerics, we find that the superfluid order parameter here can also be expressed as ∆(k) = ∆(sin(k x a) + i sin(k y a)) due to its slight variation along k zaxis for the case considered as shown in Fig. 1(b) . The order parameter δ ≡ δ Q can also be introduced since δ Q = δ −Q here. Using the same method as the case with Q = (0, 0, π/a z ) described above, we can obtain the phase diagram when considering average filling n 0 = 0.73. As shown in Fig. 1(b) , there is a threshold of dipolar interaction strength separating a p-wave superfluid and four different supersolids. Below that threshold, it is shown that ∆ = 0 and δ = 0, indicating the ground state is a p-wave superfluid. For coupling strength J > J 2 ≈ 1.11, one type of supersolid (SS-E) will be energetically favored. While when interacting strength J 1 ≈ 0.92 < J < J 2 , there are three different types of supersolids (SS-H SS-G and SS-F) to appear. These four kinds of supersolids can also be distinguished by different chern numbers via the same analysis as discussed above. The SS-E and SS-G phases are characterized by an uniform chern number in the folded Brillouin zone along z-direction, i.e.,
, which are C = 0 and C = 1 for SS-E and SS-G respectively, indicating their notable differences of topological properties. For SS-F phase in Fig. 1(b) with
, the chern number is C = 1. In SS-H phase when considering J = 0.97, in the region −k
, the chern number is C = 1. However, distinguished from all the supersolids mentioned above, when −k c SS−H < k z a z < k c SS−H , a new type supersolid with more higher chern number C = 3 is realized. It should also be emphasized that the similar phase diagram as shown in Fig. 1(b) will be obtained for the average filling n A < n 0 < n B ≈ 0.85, since in such a region all the Q are located at Q = (0, 0, 2π/3a z ).
To further demonstrate the fantastic topological nature of various supersolids discussed above, we shall show that the highly tunable exotic chiral edge modes as well as Majorana Fermions are supported in these states. To see this, for a fixed k z , we consider a cylinder geometry in xy-plane, where the open (periodic) boundary condition is chosen in the x(y) direction respectively. The energy spectrum in Fig. 1 is labeled by the momentum k y . In SS-A, as shown in Fig. 1(c) , all the bulk modes are gapped and there is one pair of chiral edge states located at the two outer edges of the system respectively, since here the Chern number is C = 1 satisfying the so-called bulk-edge correspondence. Furthermore, the two zero-energy edge states turn out to be a pair of Majorana fermions located at the two edges respectively. For SS-D phase, when choosing a fixed k z within the region where Chern number C = 2, as shown in Fig. 1(d) , there are doubly degenerate chiral edge modes located at the two outer edges of the system respec- tively and four zero-energy edge states are two pairs of Majorana fermions. While in SS-H, when considering a fixed k z within the region where Chern number C = 3, as shown in Fig. 1(e) , there are three pairs of chiral edge modes located at the two outer edges of the system respectively and six zeroenergy edge states are three pairs of Majorana fermions. As described above, our proposed supersolids possess highly tunable chern numbers and thus can control the numbers of chiral edge modes as well as that of Majorana fermions, which would be very useful to the potential application in quantum computation and quantum information.
Another important quantity is the superfluid density, which can demonstrate the novel transport properties of both superfluid and supersolid phases, such as supporting dissipationless currents. The superfluid density can be understood as the stiffness of the system responding to the phase twists. To simplify the calculation here, the exchange interaction energy −V i−j c † i c j in Eq. (2) is considered only between the nearest neighbors and the corresponding self-energy is denoted by Σ α=x,y,z . Then from the response function of phase twists, the anisotropic superfluid fraction ρ α s can be obtained as ρ
Supplementary Materials) with total number of particles N . Since here we consider an anisotropic 3D lattice with a x = a y < a z and t z < t x = t y , it can be approximated as a layered superconducting system. The finite temperature phase transition can be interpreted as the Kosterlitz-Thouless (KT) type and the critical temperature T BKT is determined by the relation [57] [58] [59] 
and J α = n Fig. 2(a) , when considering the average filling n 0 = 0.6, in the region with weak dipolar interaction, T BKT is approximately equal to the mean-field critical transition temperature of superfluids T SF M F . At larger interacting coupling region, CDW phase can survive higher temperatures as indicating by the mean-field transition temperature T CDW M F . However, there is a large derivation of T BKT and T SF M F as expected, for the reason that mean field analysis underestimates fluctuation effects. As shown in Fig. 2(a) , below T BKT the supersolid region is quite sizable and can be unambiguously identified. The finite temperature phase diagram for the case with the average filling n 0 = 0.73 is also shown in Fig. 2(b) . In the current experiments, for example, 161 Dy atom's magnetic dipole moment is 10µ B , the BKT transition temperature can reach around 0.1nK, when considering 161 Dy in a lattice with a = 225nm and J = 3. Furthermore, taking advantage of recent experimental realization of Feshbach resonance in magnetic lanthanide atoms such as Er [60] , the dipole-dipole interaction is highly tunable. The BKT transition temperature can be estimated to reach around 10nK or even higher, making it promising to obtain the various supersolids in experiments.
Conclusion -In summary, we have demonstrated that various fascinating topological supersolids can be realized in a spinless dipolar Fermi gas loaded in an anisotropic 3D optical lattice. The crucial ingredient of our model, i.e., the directiondependent effective attraction between dipoles generated by a rotating external field, has been achieved in recent experiments, solving the main experimental difficulty of implementing our proposed setup and make it even easier to be realized in realistic system. The appearance of chiral edge modes as well as Majorana Fermions with highly number-tunability are predicted as the concrete experimental signatures for these novel states.
